Tiny violation of Lorentz invariance has been the subject of theoretic study and experimental test for a long time. We use the Standard-Model Extension (SME) framework to investigate the effect of the minimal Lorentz violation on the structure of a neutron star. A set of modified Tolman-Oppenheimer-Volkoff (TOV) equations are proposed in considering the minimal Lorentz violation, and then an approximate perturbation solution up to the leading order of Lorentz violation is found. We also estimate the quadrupole radiation of a spinning neutron star due to the anisotropy in its structure caused by the minimal Lorentz violation. The calculation puts forward a new test for Lorentz invariance in the strong-field regime when continuous gravitational waves are observed in the future.
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I. INTRODUCTION
Neutron stars are important objects in astrophysics as the observation of them provides unique tests of gravitational theories and fundamental principles [1] [2] [3] . The masses and orbital parameters of highly magnetized rotating neutron stars that emit radio waves in a binary system can be accurately determined by pulsar timing techniques [1, 4, 5] . Another observation channel, the direct gravitational wave detection from binary neutron stars, though only had its practice in 2017 [6] , is having more facilities in construction and developing promisingly [7] [8] [9] [10] [11] . No matter through pulsar signals or gravitational waves, the information of neutron stars we receive not only supplies us knowledge about matter at supranuclear densities [12] [13] [14] , but also constrains various alternatives to General Relativity (GR) [15] [16] [17] [18] .
We are particularly interested in testing gravitational theories with tiny violation of Lorentz invariance, which is believed to be a possible quantum gravity effect [19] [20] [21] [22] [23] [24] [25] [26] . At the low-energy level, any kind of such violation includes couplings between the Lorentz-violation fields and the conventional fields in effective field theory [27] . The framework is called the Standard-Model Extension (SME) [28, 29] , in which the complete Lagrangian density reads [30] 
In the expression, L GR represents the usual Einstein-Hilbert term for General Relativity, and L SM is the Lagrangian density of the Standard Model. One of the extra terms, L LV , consists of Lorentz violation couplings in the form of k (d) a J a , with k (d) a being a Lorentz-violation field and J a being an operator of mass-dimension d constructed from the conventional fields. The other term, L k , describes the dynamics of the Lorentzviolation fields.
The Lorentz-violation couplings in L LV are naturally categorized by the mass-dimensions of the conventional field operators. For our purpose, we only consider the gravitational SME where the conventional field operators J a are constructed using the Riemann tensor so that d starts with 4 [30, 31] . The d = 4 coupling is simply 1 16πG k (4) αβγδ R αβγδ , but intentionally introduced in terms of the trace-free components of k (4) αβγδ and R αβγδ in Ref. [31] as
where R T µν is the trace-free Ricci tensor and C αβγδ is the Weyl conformal tensor. By splitting the d = 4 Lorentz-violation coefficient k (4) αβγδ into three pieces, u, s µν , and t αβγδ , Eq. (2) consists of all the Lorentz-violation couplings in the minimal gravitational SME. Any coupling with the mass dimension d of the conventional field operator greater than 4 belongs to the nonminimal sector of the SME framework [30, [32] [33] [34] . Nonminimal couplings involve more derivatives and are considered to be suppressed at least by factors of E M P , where E is the energy below which effective field theory works and M P is the Planck mass. Therefore, we will only consider the minimal couplings in our work but point out that extending the treatment to nonminimal Lorentz-violation couplings is still a relevant topic as in some specific Lorentz-violation models there is no minimal Lorentz-violation coupling and therefore the dominant effect comes from nonminimal terms [35, 36] .
As we study gravity at the classical level, in Eq. (1), L SM is replaced by the Lagrangian density for macroscopic matter. Given an explicit expression for L k , we can get a set of modified Einstein field equations with Lorentz violation by taking the variation with respect to the metric g µν . Though the modified Einstein field equations depend on the specific dynamics of the Lorentz-violation fields in L k , it is shown in Ref. [31] , that in the weak-field regime, the linearized modified Einstein field equations at the leading order of Lorentz violation can be expressed using the vacuum expectation values of the Lorentz-violation fields under several reasonable assumptions. Those vacuum expectation values of the Lorentzviolation fields, denoted asū,s µν , andt αβγδ , and to be distinguished from the fields themselves, are called the Lorentzviolation coefficients. Introducing the Lorentz-violation coefficients makes the SME framework practically useful by allowing experiments to test the coefficients without worrying arXiv:1909.10372v1 [gr-qc] 23 Sep 2019 about the dynamics of the corresponding fields as long as gravity is weak [18, 37, 38] . A large amount of constraints have been put on the Lorentz-violation coefficients from various terrestrial experiments [39] [40] [41] [42] and astrophysical observations [32, 34, [43] [44] [45] [46] [47] [48] [49] [50] that assume the validity of weak gravity.
When applied to neutron stars, actually we face the failure of the weak-field assumption. An explicit expression for L k is necessary for deriving a set of modified Einstein field equations as the linearized version in Ref. [31] is hardly valid. Considering the difficulty in solving the modified Einstein field equations with a dynamical Lorentz-violation field, we decide to take another route where we first derive a set of Newtonian hydrostatic equations containing corrections from Lorentz violation using the linearized result in Ref. [31] , and then promote the equations to the relativistic case in the way that the Tolman-Oppenheimer-Volkoff (TOV) equation is recovered in the absence of Lorentz violation. The strategy is inspired by the post-TOV approach [51, 52] . Our method inherits the model-independent advantage of the SME framework and saves us from the trouble of solving the full modified Einstein field equations.
We begin in Sec. II to describe the procedures to obtain the set of modified TOV equations containing Lorentz-violation corrections. In Sec. III, an approximate solution is presented and its validity is pondered. The relevant calculation to determine the angular dependence of the solution is shown in Appendix A. Then, the quadrupole radiation from a spinning neutron star deformed by the minimal Lorentz violation is estimated in Sec. IV. The possibility of using continuous gravitational waves to constrain Lorentz violation is discussed. Throughout the work, we follow the notation and conventions of Ref. [29] 
II. THE MODIFIED TOV EQUATIONS
The TOV equation describes the distribution of the density and pressure inside a perfect fluid whose local energymomentum tensor can be expressed as
where is the proper energy density and p is the proper pressure of the fluid. The 4-velocity u µ can be taken as 1 √ −g 00 , 0 for a static configuration, and then the energy-momentum conservation equations D µ T µν = 0 give
Equation (4) seems to indicate that static structures of fluids only depend on the metric component g 00 . However, other metric components come into the Einstein field equations in solving g 00 , and the presence of the fluid variables themselves in the field equations complicates the problem. In the case of a spherical fluid, the solution for g 00 can simply be written as
in the Schwarzschild coordinates, where the mass function is defined as m(r) ≡ 4π r 0 (r ) r 2 dr . Hence, Eq. (4) gives the standard TOV equation
with the angular equations vanishing as expected.
In the case of the minimal Lorentz violation, the static Newtonian solution for g 00 obtained in Ref. [31] reads
wheres jk with j, k = 1, 2, 3 are the vacuum expectation values of the spatial components of the Lorentz-violation field s αβ , namely the spatial components of the Lorentz-violation coefficients αβ . The Newtonian potentials U and U jk are defined as
where ρ is the baryonic rest mass density. The relative difference between ρ and , namely Π = −ρ ρ , is the internal energy per unit baryonic mass. Note that we have ignored the temporal components 00 as it merely rescales the gravitational constant G in a static system and hence does not produce any observable effect. For the same reason, the Lorentz-violation coefficientū does not appear and a traceless condition
can be imposed. As for the absence of the Lorentz-violation coefficientt αβγδ , it is proved in Ref. [31] , that all the terms involving it automatically cancel out, though a plausible physical explanation for this remains missing at the moment (the so-called t puzzle) [53] . Equation (7) represents the Lorentz-violation solution for g 00 generated by the couplings in Eq. (2) at the Newtonian level. When plugged into Eq. (4), we get a set of Newtonian hydrostatic equations with modifications from the minimal Lorentz violation. These equations are
As indicated by "O(1PN)" in the expressions, post-Newtonian terms can be included as long as their explicit expressions are added into Eq. (7). Now we want to promote Eqs. (10) to their relativistic version [51, 52] . Note that in the absence of Lorentz violation, ρ, p, and hence U, are functions of r alone for a spherical static fluid. We see that the replacements
recover the standard TOV equation from the first equation in (10) with vanishings jk . Therefore, we take the bold resolution that together with
the replacements (11) promote Eqs. (10) to their relativistic version, namely the wanted modified TOV equations containing the minimal Lorentz violation.
III. THE PERTURBATION SOLUTION
The fact that any Lorentz-violation effect must be tiny to be consistent with the experimental support for Lorentz invariance naturally suggests us to treat the Lorentz-violation terms in Eqs. (10) and in their relativistic version as perturbations. We can use the usual spherical solutions in GR as the zerothorder solutions, and then find the anisotropic corrections to and p at the first order ofs jk . To start, we write the fluid variables and p, the potentials U GR and U jk GR , and the newly defined quantity ρ GR as perturbation series = (0) (r) + (1) x + . . . , p = p (0) (r) + p (1) x + . . . ,
The zeroth-order fluid variables, (0) (r) and p (0) (r), satisfy the standard TOV equation (6), and can be solved given an equation of state (EOS). After that, U (0) GR (r), U jk (0) GR
x and ρ (0) GR (r) can be calculated using
where the integral region S for the zeroth-order potentials is the fluid sphere given by a GR solution. In the following derivation, all the zeroth-order quantities will be treated as knowns.
Then, up to the first order ofs jk , the equations for the perturbative pressure, p (1) x , can be written as
In these equations, (1) and p (1) are the Lorentz-violation corrections to be solved. Lorentz violation not only raises corrections to the fluid variables but also changes the shape of the fluid, hence the boundary conditions. Assuming the radius of the fluid sphere to be R for a given GR solution, then taking the perturbative change due to Lorentz violation into consideration, the shape of the fluid can be written as
where α(θ, ϕ) is to be determined up to the first order ofs jk . Therefore, the boundary conditions for and p are
where Σ is the surface described by Eq. (16) and R represents the position vectors for points on S . As usual, Eqs. (17) apply up to the first order ofs jk . The difficulty to solve Eqs. (15) comes from the fact that U (1) GR and ρ (1) GR depend nontrivially on (1) and p (1) . We can handle U (1) GR x by writing it as
At the first order ofs jk , the first integral vanishes because it can be approximated at r = R and (0) (R) = 0 is guaranteed in GR solutions. On the other hand, the complexity in ρ (1) GR is beyond our capability to deal with. For the moment, we treat it as a third independent quantity in addition to (1) and p (1) . We will discuss the issue of it after showing the perturbation solution.
As (1) and p (1) are Lorentz-violation induced anisotropic corrections, the usual isotropic EOS that relates p (0) and (0) does not apply to them. Instead, by assuming that the second derivatives of p (1) exist, Eqs. (15) themselves imply two conditions Skipping the tedious calculation using series expansion, we give the final form of the perturbation solution as
which are surprisingly tidy and simple. It is straightforward to verify that the solution (20) satisfies Eqs. (15) and Eqs. (19) , as long as the spherical harmonic expansion of α(θ, ϕ) is 
In addition, it is clear that the boundary conditions (17) are also satisfied by the solution (20) given (0) (R) = p (0) (R) = 0 for GR solutions. Now we can discuss the issue caused by treating ρ (1) GR independently. It reflects a tension between the solution of ρ (1) GR in (20) and the definition of ρ GR in (11) . The problem is that the first-order term generated by the relativistic factor 1 − 4πGrp ∂ r U GR (1 + 2r∂ r U GR ) −1 turns out not the same as its zeroth-order derivative along r multiplied by −αr. In other words, p (1) and (1) in Eqs. (20) are not strictly the first-order solutions to the modified TOV equation that we propose. Instead, they solve Eqs. (15) in the sense that ρ (1) GR is not exactly the first-order perturbation of ρ GR but something more conveniently defined by the third equation in (20) .
Then, there is the question why we care about this inaccurate solution. First, we point out that the difference between the convenient ρ (1) GR and the true ρ (1) GR lies in the relativistic factor 1 − 4πGrp ∂ r U GR (1 + 2r∂ r U GR ) −1 . Therefore, the inaccuracy in the Lorentz-violation corrections caused by using the convenient ρ (1) GR is at the post-Newtonian level. The solution serves as a decent estimate for numerically iterating Eqs. (15) with the true ρ (1) GR . Secondly, the simple form of the solution makes theoretic calculations involving (1) and p (1) possible. Despite the inaccuracy at the largely irrelevant post-Newtonian level, it still provides us an analytical picture to understand the behaviors of neutron stars under the influence of Lorentz violation.
Before applying it to neutron stars to exemplify our second assertion about the solution, we would like to clarify that the solution (20) is physical though its particular form suggests that it can be generated from the Lorentz-invariant quantities p (0) (r), (0) (r) and ρ (0) GR (r) by a coordinate transformation r → r = (1 − α(θ, ϕ)) r .
The inverse transformation seems to eliminate the Lorentzviolation corrections, but actually just hides the effects into the spatial part of the metric. Taking the Newtonian limit as an example, the boundary of the fluid becomes the sphere r = R in the (r , θ, ϕ) coordinates. However, the spatial part of the metric in these coordinates are
with α(θ, ϕ) describing the same Lorentz-violation effects as one would experience in the coordinates (r, θ, ϕ) with g jk = η jk .
FIG. 2.
The distribution of the relative density correction, ρ (1) ( x)/ρ (0) (r), in the equatorial section (the X-Y plane) of a neutron star. We have assumed that all the other independent components of the Lorentz-violation coefficient vanish except fors xy = 10 −10 . The zeroth-order solution is obtained numerically with the EOS AP4 for a neutron star with mass 1.44 M .
IV. NEWTONIAN QUADRUPOLE OF A NEUTRON STAR
Deformed neutron stars emit continuous gravitational waves when rotating [54] . The quadrupole radiation is the leading term in the post-Newtonian expansion. As the quadrupole moments themselves are defined at the Newtonian level using the baryonic rest mass density ρ, the solution (20) is just accurate to give us the quadrupole moments caused by the minimal Lorentz violation. Actually, the fact that both and ρ GR become the baryonic rest mass density ρ in the nonrelativistic limit just shows that the perturbation solution is self-consistent at the Newtonian level. The Lorentz-violation correction to the baryonic rest mass density is then
To illustrate the effect of Lorentz violation on the deformation of a neutron star, we plot in Fig. 1 the shape viewed from three different angles with an unrealistically large component of the Lorentz-violation coefficients jk . In addition, in Fig. 2 we plot the fractional correction to the density of a neutron star, whose mass is fixed to 1.44 M with the EOS AP4 [12] . The more relevant value chosen for the component ofs jk in Fig. 2 is based on its current bounds in Ref. [55] . Figures 1 and 2 show that in general both the shape of the star and the density of the star become anisotropic under the influence of Lorentz violation. This indicates anisotropic quadrupole moments. Using Eq. (25), the quadrupole moments are found to be
where δ jk is the Kronecker delta and I = 4π 
where {I XX , I YY , I ZZ } are the eigenvalues of I jk , and I jk is diagonalized in the (X, Y, Z) coordinates. The ellipticity (27) applies to rotations along the Z-axis, and the case for a general spin direction can be obtained with 3-dimensional rotations.
As an example, we consider the quadrupole radiation of a deformed neutron star due tos xy alone spinning in the zdirection. The coordinates that diagonalize I jk have the Z-axis along the z-axis, while the X and Y coordinates are related to (x, y) by the coordinate transformation
The eigenvalues of I jk are
(1 +s xy ) I,
(1 −s xy ) I,
Then, the ellipticity associated with rotations along the Z-axis is simplys xy at the leading order of Lorentz violation, and the amplitude of the quadrupole radiation can be estimated as [54] h 0 = where Ω = 2π P is the angular velocity of the neutron star with P being the spin period, and d is the distance of the neutron star. To obtain the approximate numerical value, we used M = 1.4 M for the mass of the neutron star and R = 12 km for its radius. A uniform density is assumed to estimate the trace of the quadrupole moments, namely I = 3 5 MR 2 = 2.4×10 38 kg m 2 . Note that the moment of inertia along any diameter of the uniform sphere is 2 3 I. Continuous gravitational waves are important signals for the LIGO/Virgo detectors. Various algorithms are being developed for possible events [56] [57] [58] [59] [60] [61] . Although there is no detection yet, meaningful constraints are already set from the advanced detectors for different systems at levels of h 0 10 −25 [58, 62, 63] and e 10 −9 -10 −8 [61, 64] . The estimated quadrupole radiation from Lorentz violation is too weak to be detected currently. The idea of Lorentz violation, anyway, provides a possible cause of continuous gravitational waves for future observations. Also, it is important to keep in mind that current constraints ons jk [55] all assumed experiments and observations involving only weak gravitational fields. We expect Lorentz violation to be comparatively larger in a strong gravitational scenario. It is possible that the quadrupole radiation due to Lorentz violation might be comparable to or even greater than that of conventional deformations, like a mountain on the star or the tidal interactions in a close binary [54] . Any future detection of continuous gravitational waves will put independent constraints on Lorentz violation in strongfield systems.
V. SUMMARY
We applied the minimal gravitational SME [29, 31] to a static relativistic fluid to find the modified TOV equations that describe a Lorentz-violation induced anisotropic neutron star. Strictly speaking, the modified TOV equations were derived at the Newtonian level as shown in Eqs. (10) . A promotion of them [51, 52] has been made to generate the relativistic version by replacements (11) and (12) . Then, treating Lorentz violation as perturbation, we found an approximate analytical solution (20) for the corrections to the fluid variables at the leading order of Lorentz violation. The solution was immediately used to estimate the quadrupole gravitational radiation for continuous gravitational waves. Our calculation shows that the amplitude is too weak to be detectable at the moment, but we expect that future observations of continuous gravitational waves can make use of our result and set constraints on Lorentz violation in the strong-field regime.
Finally, we point out that it is possible, if not straightforward, to generalize our results to the nonminimal gravitational SME [30] . We believe that the solution (20) 
